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TECHNICAL NOTE D-96 

A ME2HOD FOR CALCULATING AERODYNAMIC LOADINGS 

ON "IN WINGS AT A MACH NUMBER OF 1 

By John L. Cr ig le r  

SUMMARY 

A method f o r  ca lcu la t ing  the aerodynamic loadings on t h i n  wings a t  
a Mach number of 1.0 i s  presented. 
developed lifting-surface procedures i n  t h a t  t h e  chordwise in tegra t ions  
are performed a n a l y t i c a l l y  and thus the need f o r  numerical procedures 
Is eliminated. The spanwise in tegra t ions  are then  performed by numeri- 
c a l  procedures. A de ta i l ed  descr ipt ion of t he  method i s  included. 

The method differs from previously 

C a l c u h t e d  r e s u l t s  a r e  compared with experimental data f o r  a swept- 
1 
4 wing-body configuration. 

wing had an aspect  r a t i o  of 4 and a taper r a t i o  of 0.15. 
s ec t ion  a t  t h e  midspan was NACA 64~206, a = 0 which faired i n t o  an 
NACA 64A203, a = 0.8 (modified) a i r fo i l  sec t ion  at t h e  0.5-semispan 
loca t ion  and re ta ined  t h i s  sec t ion  from t h e  midspan t o  t h e  wing t i p .  

of 1.0 me i n  good 

The wing --chord l i n e  was swept back 45O; t h e  

The wing a i r f o i l  

The magnitude and t h e  d i s t r ibu t ion  of t h e  spanwise loading of t h e  
ca lcu la ted  da ta  a t  a free-stream Mach number 
agreement with experimental da ta  obtained a t  
experimental data w e r e  obtained a t  

& = 0.98 and 1.03. No 
Mo = 1.0. 

INTRODUCTION 

The l inea r i zed  theory of compressible flow f o r  the ca lcu la t ion  of 
t he  aerodynamic loadings on t h i n  wings of low aspect  r a t i o  a t  sonic 
speeds has been used by a number of authors (e .$. , refs . 1 t o  3 ) .  Also 
some discussion of t he  j u s t i f i c a t i o n  of t h e  use of l i nea r i zed  theory f o r  
t h i s  purpose within the framework of the nonlinear theory f o r  t ransonic  
flow i s  given i n  reference 4. Others (e .g., refs. 5 and 6) have devised 
numerical procedures f o r  t r e a t i n g  f in i t e - a spec t - r a t io  wings f o r  incom- 
p res s ib l e  flow. These procedures a re  e a s i l y  adaptable t o  compressible 
flow and i n  reference 7 a method f o r  ca lcu la t ing  t h e  aerodynamic loading 
on a wing i n  t h e  speed ranges approaching a free-stream Mach number & 
of 1.0 i s  out l ined.  The method of  reference 7 i s  similar t o  t h a t  devel- 
oped by Fnlkner i n  reference 5 f o r  t r ea t ing  wings i n  incompressible flow. 
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Calculated r e s u l t s  of t h e  magnitude of t h e  load and t h e  d i s t r i b u t i o n  of 
t h e  spanwise loading shown i n  reference 7 were genera l ly  i n  good agree- 
ment with experimental data f o r  a l l  Mach numbers up t o  
culat ions were a l so  made i n  reference 7 f o r  t h e  case of & = 1.0 ( t h e  
procedure is  not xpplicable a t  Mach numbers g rea t e r  than 1) bu t  t h e  
agreement i n  t h i s  case w a s  somewhat poorer than it w a s  f o r  subsonic Mach 
numbers. Reference 8 presents  a method employing accurate  numerical 
schemes f o r  incompressible flow which appl ies  t o  wings with o s c i l l a t o r y  
downwash conditions as w e l l  as t o  wings with s teady-s ta te  downwash 
conditions.  

% = 0.98. C a l -  c 

The ana lys i s  of t h i s  paper i s  based on t h e  l i nea r i zed  theory of 
compressible f l o w .  The method used i n  making the  ca lcu la t ions  i s  some- 
what similar t o  t h a t  used i n  reference 7 i n  t h a t  the  ca l cu la t ion  of t he  
fo rces  on a wing depends on the so lu t ion  of an  i n t e g r a l  equation which 
r e l a t e s  t he  l i f t  and downwash d i s t r i b u t i o n s .  The unknown l i f t  i s  expressed 
as a se r i e s  of terms involving c e r t a i n  unknown coe f f i c i en t s .  The method 
used herein d i f f e r s  from t h a t  i n  reference 7 ch ie f ly  i n  the  manner of 
performing the  surface in tegra t ions ,  which are obtained i n  a manner s i m -  
i l a r  t o  t h a t  used i n  reference 8. For general  app l i ca t ion  the  surface 
in t eg ra l s  must be evaluated by numerical procedures; however, examina- 
t i o n  of t he  integrand f o r  t h e  s p e c i a l  case of M, = 1.0 shows t h a t  t he  
chordwise in tegra t ions  can be performed ana ly t i ca l ly ,  thus el iminat ing 
the need f o r  any approximate or numerical procedure. 
f o r  a value of M, other  than 1, t h e  chordwise in t eg ra t ion  must be per- 
formed by numerical procedure. The f i n a l  spanwise in t eg ra t ion  i s  per- 
formed by numerical procedures i n  e i t h e r  case.  

I n  using t h i s  method 

The ca lcu la t ions  are made f o r  t h e  wing alone and are compared with 
experimental da ta  f o r  t he  wing-body combination of reference 7. This 
method of comparison was used because ca lcu la t ions  by the  method of ref- 
erence 7 f o r  the  wing alone and f o r  t h e  wing-body combination showed 
t h a t  the only e f f e c t  of t h e  presence of t he  body was t o  reduce the  loading 
on the  wing adjacent  t o  the  body. The loadings on t h e  more important out-  
board sections were not appreciably a f fec ted .  

SYMBOLS 

AR 4b 
S 

aspect  r a t i o ,  - 

An J am coef f i c i en t s  i n  expression f o r  l i f t  (eqs .  (2) and ( 4 ) )  

. b wing semispan, f t  
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L lift coefficient, - SS 
section chord, ft 

1 - root chord, ft 
2 

section lift coefficient 

dimensionless spanwise interval between integration stations, 
referred to b (see sketch in section entitled "Spanwise 
Integration of Domwash" ) 

spanwise integral over region n 

chordwise integral of lift (eq. (6)) 

complete chordwise integral at station r 

kernel function 

lift, 2 dy, lb s 
section lift, A2 dx, lb/ft 

lift at any point, lb/sq ft 

/l 

free-stream Mach number 

dynamic pressure, PV 1 2  , lb/sq ft 

wing area, sq ft 

dimensionless semispan, - b 
cO 

airstream velocity, ft/sec 

induced vertical velocity, ft/sec 

dimensionless chordwise variable, referred to co 

dimensionless spanwise variable, referred to b 
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U angle of a t tack ,  deg 

6 u n i t  length 

E dimensionless wing-chord d is tance  from wing leading edge t o  
cont ro l  point  (as funct ion of v ) ,  r e fe r r ed  t o  co 

1 
4 sweep angle f o r  --chord l i n e ,  pos i t i ve  f o r  sweepback, deg A 

h Tip chord 
Root chord 

t ape r  r a t i o ,  

V dimensionless chordwise var iab le ,  r e f e r r ed  t o  c 

P dens i ty  of air, slugs/cu f t  

Subscripts: 

‘le leading edge 

m midchord 

t e  t r a i l i n g  edge 

METROD OF CALCULATION 

The method used i n  making the  ca lcu la t ions  i s  similar t o  t h a t  used 
I n  reference 7 and i s  as follows: 

Figure 1 shows a wing-panel diagram and the  coordinate system used. 
The equation r e l a t i n g  the  l i f t  d i s t r i b u t i o n  t o  t h e  l o c a l  induced ve loc i ty  
i s  given a s  

L 
3 
4 
4 

. 

S 
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where t h e  kerne l  funct ion f o r  the  case of subsonic flow i s  

Note t h a t  f o r  sonic flow ( Q  = 0) the  downwash a t  any cont ro l  po in t  i s  
only a f f ec t ed  by poin ts  ahead of the cont ro l  point ;  that  i s ,  t he  incre- 
ment i n  the bracket i s  2 f o r  (x - e )  > 0 and becomes zero f o r  
(x - 6 )  < 0 .  n u s ,  f o r  (x - 5 )  >= 0,  

I n  t h i s  case it i s  noted tha t  t he  kernel funct ion depends only on the  
spanwise dis tance from the cont ro l  point (x,y). 
t r i b u t i o n  AZ(E.,v) 
form of a s e r i e s  of loading terms i n  both spanwise and chordwise coordi- 
na tes  (ref.  7) as 

The unknown l i f t  dis- 
i n  equation (1) i s  chosen t o  be expressed i n  the 

qall + 7 2 aI2 + . . . )  + s i n  2e a20 + qa21 + 7 2 a22 + . . .) + . ( 

e From t h i s  r e l a t i o n  ca lcu la te  co t  

these i n  the expression f o r  the l i f t  d i s t r ibu t ion  which becomes 

s i n  8 ,  and s o  fo r th ,  and s u b s t i t u t e  2’ 
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(a20 + qa21 + + . . .) + . . . ) 
For sonic flow equation (1) now becomes 

or x 
AZ(E,ddE ( 3 )  1 

2e 

where the double upper limit on the chordwise integral means that the 
integration stops at the trailing edge for values of 
trailing edge is forward of the control point but stops at x for values 
of 7 

q for which the 

f o r  which the trailing edge is rearward of the control point. 

The problem now is to evaluate the integrals in equation ( 3 )  in 
order to determine the unknown coefficients 
distribution AZ(6,q). Since the local induced velocity w(x,y) is 
assumed to be known, it may be seen that the integrations yield equa- 
tions for w(x,y) in terms of the unknown coefficients am appearing 
in the lift distribution. Thus, by assuming the local induced velocity 
(local slope of mean camber line) to be known at a selected number of 
control points, a system of linear algebraic equations is obtained from 
which the coefficients am can be determined. The selected number of 
control points, both spanwise and chordwise, correspond to the number 
of chordwise and spanwise terms retained in the equation. 

am appearing in the lift 
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Chordwise Integration of Downwash 

In evaluating the integrals in equation ( 3 ) ,  the procedure begins 
However, the manner in which the span- with the chordwise integration. 

wise integration is to be performed makes it desirable to divide each 
panel of the wing into an even number of sections of equal width with 
control points located on certain of the dividing lines. 
intervals must be small in order to secure accuracy in the spanwise 
integration. Then (for the M, = 1.0 case) for each control point, the 
chordwise integration is analytically performed along every dividing 
line as indicated in equation ( 3 ) .  
gration in equation ( 3 )  involves only an integration of the lift distri- 
bution (eq. (2)),  which becomes (for a wing having lateral symmetry) 

These section 

It is seen that the chordwise inte- 

where 

2 4pv s tan a 
A 

E =  

and 

+ 

(4) 
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. . . . . . . . . . . . . . . . . . . .  

and where 
L 

Wing chord dis tance from leading edge t o  cont ro l  po in t  
E =  

3 
4 
k 

Subst i tut ing the  expression f o r  t h e  l i f t  given i n  equation ( 4 )  i n t o  
the  in t eg ra l  equation (eq.  ( 3 ) )  gives t n e  expression f o r  the t o t a l  l o c a l  
downwash: 

where f ( 7 )  
l a r  chord and i s  given as 

equals t he  chordwise i n t e g r a l  of t he  l i f t  along any par t icu-  

Spmwise In tegra t ion  of Downwash 

A s  mentioned i n  the  preceding sect ion,  t h e  wing i s  divided i n t o  a 
f a i r l y  large,  even number of sect ions of equal  width i n  order t o  secure 
accuracy i n  t h e  spanwise in tegra t ion  as shown i n  the  following sketch: 
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" 
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4 
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The sketch shows one panel of a wing, where t h e  dis tance 
t h e  spanwise i n t e r v a l  i n  the  spanwise numerical in tegra t ion .  The sketch 
shows t h a t  t he  chordwise integrat ions extend from t h e  leading edge t o  x 
o r  t o  t he  t r a i l i n g  edge, as has  been previously noted. 

D represents  

Af te r  evaluat ing the  chordwise in t eg ra l s  along every dividing l i n e ,  
t h e  spanwise in t eg ra t ion  across  the e n t i r e  wing was performed by numeri- 
c a l  methods. I n  order t o  expedite t h i s  i n t eg ra t ion  and r e t a i n  a high 
degree of accuracy and i n  order t o  handle t h e  s ingu la r i ty  a t  
t h e  in t eg ra t ion  i s  performed as a sum of th ree  d i f f e r e n t  i n t eg ra l s ,  by 
f i x i n g  the  proper limits of in tegra t ion  of each region of the  wing. 

q = y, 

Thus, t he  i n t e g r a l  i n  equation ( 5 )  may be wr i t t en  

where the  in t eg ra l s  FI, FII, and FIII correspond t o  the  regions I, 
11, and I11 shown i n  the  sketch. 

I n  order t o  obtain the  i n t e g r a l  FIII f o r  region 111, the  ca lcu la ted  

chordwise i n t e g r a l s  f (7) 

(y  - q)2 
For region I11 t o  t h e  l e f t  of the  control  po in t ,  f o r  example, 

were divided by t h e  appropriate  value of 

and the  spanwise integrat ion was performed by Simpson's rule.  
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2g3 + 4g4 

( Y  - v3)2 ( Y  - T14);? 

where n,  i n  the  upper l i m i t ,  i s  t he  

+ 4g2 , ~ 

Y - v1)2 ( Y  - ".)' 

(7 )  

number of d iv i s ions  from the  con t ro l  
po in t  t o  t he  f irst  poin t  considered i n  region 111. 

I n  region I, across  the  cont ro l  po in t  (x ,y) ,  and region 11, adjacent 
t o  the  cont ro l  po in t ,  o ther  a n a l y t i c a l  methods were necessary. 
i n t eg ra l  FII 
use of Simpson's ru l e ;  t he  i n t e g r a l  
l a r i t y  a t  q = y .  A complete treatment of t he  s ingu la r i ty  i n  the  in t e -  
g r a l  ( i n  region I)  i s  given by Mangler i n  appendix I of reference 6. 
regions I and I1 spec ia l  r u l e s  were developed which ana ly t i ca l ly  took 
i n t o  account the  term 
used t o  develop an ana ly t i c  funct ion for-  f ( 7 )  
chordwise in t eg ra l s .  The i n t e g r a l  of t h i s  func t ion  divided by 
w a s  then obtained. 

I n  t h e  
f o r  region I1 the  i n t e g r a l s  change too rap id ly  f o r  sa fe  

FI f o r  region I involves the singu- 

For 

(y - v ) ~ .  Lagrangian in t e rpo la t ion  methods were 
i n  terms of t h e  ca lcu la ted  

(y  - q)*  

A s  an example, when f ( 7 )  
w a s  represented by a parabola, t he  following three-point i n t eg ra t ion  
r u l e  was obtained: 

i n  region I (across  the  cont ro l  po in t )  . 

where 

I n t e r v a l  between l i n e s  or vortex width D =  
b 

For  a five-point (see sketch) in tegra t ion  across  the  cont ro l  po in t  (x,y),  
t h a t  i s ,  from (y  + 2D) t o  ( y  - 2D), t h e  following i n t e g r a l  r e l a t i o n  
i s  obtained: v 
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For region I1 adjacent t o  the  control  po in t  (x ,y) ,  t h e  in t eg ra t ion  f o r  
a three-point so lu t ion  is  given by 

i 

L 

4 

(262 + )GD)gj] - - 1 log, 6 + 2 D  
2D2 6 

3 (ga, I 4(6 + D)g2 + (26 + D ) g  

where 
t h e  case of a f ive-point  i n t eg ra t ion  across  the  con t ro l  po in t  (x ,y) ,  
as shown i n  t h e  sketch, 

6 = D t i m e s  the  number of spaces t o  the  l i m i t  of region I. For 

6 = 2D. 

For region 11, t he  in t eg ra t ion  of a f ive-point  so lu t ion  (see sketch)  
i s  given by 

g2(246 4 + 210tj3D + 572S2D2 + 4646D') + gj(36tj 4 + 

2 8 8 s 3 ~  + 678S2D2 + 4086g) - g4(24S4 + 17463D + 356S2D2 + 

- 1 log, ?[g1(46' + 30S2D + 70SD2 + ?OD3) - 
2 4 ~ ~  

g2(166' + l a 2 D  + -D2 + 96D3) + g3(24tj3 + 1US2D + 

2286D2 + 72D3) - g4(16S3 + 846% + 1126D2 + 32D3) + 

5(4S3  + 186% + 2BD2 + 6D3y 
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The spanwise i n t e g r a l  of equation ( 7 )  t o  obtain t h e  value of w(x,y) 
i s  now given by the  sum of the  three  i n t e g r a l  p a r t s ;  t h a t  i s ,  

2V t an  a 2v tan “(FI + FII + FIII) (10) II RA 

The r e s u l t s  obtained i n  equation (10) express the  downwash, a t  the  con t ro l  
point  (x,y) i n  terms of t h e  ordinates  of 
i n  equations (7) t o  ( 9 ) .  
l i n e a r  expression i n  the  unknown coe f f i c i en t s  am. (See eq. (>) . )  By 
evaluating the  in t eg ra l s  f o r  
of t h e  mean camber l i n e  a t  each cont ro l  po in t  i s  known, a system of alge- 
b r a i c  equations i s  obtained from which t h e  coe f f i c i en t s  

f ( q )  by t h e  sum of t h e  r e s u l t s  
This sum i n  tu rn  expresses the  downwash as a 

n x m cont ro l  po in ts ,  where the  l o c a l  slope 

am can be 
determined. 

Calculation of Aerodynamic Charac te r i s t ics  

The element l i f t  f o r  any point  on the  wing i s  given i n  equation ( 2 )  by 

o r  t he  t o t a l  l i f t  (per  u n i t  span) on any chord i s  (note  t h a t  c = 2 c 4 )  

L 
3 
4 
4 

. 

where 
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L 
3 
4 
4 

and so forth. On chordwise integration 

z1 = (aoo + 'lao1 + +ao2 + . . . ) f i ~  

z2 = (alo + qall + +al2 + . . .)c A 
2 

1 3 ,  14, . . . lV = 0 

For a symmetrical wing for three spanwise control-point locations, the 
total lift (per unit span) on any chord is given by 

(12) 
o r  the section lift coefficient is 

But the total lift on the wing is 

L = J-1 2 dy 

or 

J -1 
CL = pv 1 2  s 
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For 

4b2 AR = -  
S 

the lift coefficient becomes 

2 
CL = II AR, tan a (16aO0 + 8a10 + 4aO2 + 2aU + 2 a a  + a14) 

16 

The slope of the lift curve is 

- da - -@a 16 
00 + 8810 + 4aO2 + 2a12 + 2aO4 + a14) dCL - rr2m 

The ratio of the section lift coefficient cz at any station y 

to the total lift coefficient CL is 

L 

4 

. 

rrbc (16ao0 + 8a10 + 4aO2 + 2a12 + 2a04 + al4) 



MODEL AND PROCEDURE 

The wing plan form and d e t a i l s  of t he  wing-body configuration a r e  

L 
3 
4 
4 

1 
4 

shown i n  f igu re  2. The wing -- chord l i n e  was swept back 45'; the  wing had 

an aspec t  r a t i o  of 4 and a taper  r a t i o  of 0.15. 
a t  t h e  midspan wits NACA 64A206, a = 0 which f a i r e d  i n t o  an NACA 64A203, 
a = 0.8 (modified) a i r f o i l  sec t ion  a t  t h e  0.5-semispan loca t ion  and 
r e t a ined  t h i s  sec t ion  from the  midspan t o  the  wing t i p .  Calculations 
were made f o r  the  wing alone. The experimental da t a  used i n  the  com- 
par isons were obtained from tests made i n  the  Langley 8-foot t ransonic  
tunnel on the  same wing i n  combination with the  body. (Details of the  
body are given i n  f i g .  2 . )  
of t he  wing-body combination a re  given i n  reference 9. 

The wing a i r f o i l  sec t ion  

Other experimental data  and f u r t h e r  d e t a i l s  

Mean camber l i nes ,  i n  percent chord, of two wing sect ions are shown 
i n  f i g u r e  3 .  The sect ions shown correspond t o  the  spanwise control-  
po in t  loca t ions .  
a wing t w i s t  due t o  ae roe la s t i c  e f f e c t s  when the  wing experiences l i f t .  
Influence coef f ic ien ts  due t o  normal-force and pitching-moment loads 
were obtained by s t a t i c -de f l ec t ion  ca l ibra t ions  of t he  wing i n  order 
t o  evaluate  the  wing t w i s t  due t o  ae roe la s t i c  e f f e c t s .  The spanwise 
va r i a t ion  of twist f o r  the  wing-body configurations f o r  an angle of 
a t t a c k  of 4.0° i s  shown i n  figure 4 f o r  and Mo = 1.03. 
The calculated loadings were made on the  assumption t h a t  t h e  wing a t  
Mo = 1.0 was pretwisted by an  average value of t h e  curves f o r  

and Mo = 1.03. 

Besides the  camber b u i l t  i n t o  t h e  sect ions,  t he re  i s  

M, = 0.98 

Mo = 0 . 9  

Twelve control-point loca t ions  were chosen f o r  t he  ca lcu la t ions  
Calculations were made f o r  a l l  made by the method presented herein.  

1 2  poin ts  and f o r  severa l  combinations of 9 cont ro l  po in ts .  
loca t ions  of t he  con t ro l  po in ts ,  both chordwise and spanwise, are given 
i n  t ab l e  I .  The spanwise loca t ions  were chosen a t  0.25, 0.30, and 0.80 
of t he  semispan. The chordwise locat ions i n  each case were se lec ted  so 
t h a t  i f  t h e  Mach l i n e  through the control  po in t  i n t e r sec t ed  the  leading 
edge, the  in t e r sec t ion  occurred a t  the same spanwise loca t ion  as the  
d iv i s ion  made f o r  in tegra t ion  purposes. These se lec t ions ,  chosen so t h a t  
no f r a c t i o n a l  spanwise d iv is ions  resul ted,  were made purely t o  s implify 
the  spanwise in tegra t ion .  

The exact 

COMPARISON OF EXPERDENTAL AND CALCUUTED RFWTS 

Figure 5 shows a comparison of the ca lcu la ted  and the  experimentally 
measured spanwise loading p lo t t ed  against  t he  wing semispan. The 
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calculated data  are tabulated i n  t a b l e  11. The da ta  are f o r  an angle of 
a t t a c k  of 4.0°. The experimental data  are f o r  the  wing-body combination 
shown i n  figure 2, s ince no experimental data were obtained f o r  t h e  wing 
alone. 
s ince no experimental data  were obtained f o r  All of the  c a l -  
culated data  are f o r  the wing alone and f o r  a Mach number of 1.0. 
comparison of computed data  f o r  the  wing alone with the experimental data 
fo,r the  wing-body configuration i s  made on t h e  b a s i s  of the  good agree- 
ment between calculated data  f o r  t h e  wing alone and those f o r  t h e  wing- 
body configuration a t  subsonic speeds shown i n  reference 7, where only 
an empirical method f o r  correct ing f o r  the  body was presented. 
or d i s t r i b u t i o n  of the  loading f o r  the calculated data a t  
about the same as the shape of the  experimental curves f o r  
and M, = 1.03. 
Mo = 1.0 
Mo = 0 . 9  which i s  grea te r  than the  value f o r  & = 1.03. O f  p a r t i c u l a r  
i n t e r e s t ,  however, i s  the agreement of the calculated spanwise d i s t r i b u -  
t i o n  of lift, both i n  shape and magnitude, f o r  the  various se lec t ions  of 
cont ro l  points .  

Also these  data  a r e  presented f o r  Mach numbers of 0.98 and 1.03 
M, = 1.0. 

The 

The shape 
M, = 1.0 i s  

M, = 0 . 9  
The magnitude of the  l i f t  f o r  the calculated da ta  f o r  

i s  about 10 percent higher than t h e  experimental data a t  

For the  calculat ions using a l l  12 control  points ,  or any combina- 
t i o n  of 9 points  t h a t  was selected,  the  t o t a l  calculated l i f t  and t h e  
slope of the  l i f t  curve were e s s e n t i a l l y  the same, the  maximum v a r i a t i o n  
from the mean value being +1 percent.  
i n  the  d is t r ibu t ion  of the  loading were found f o r  each set  of cont ro l  
points ,  the  g r e a t e s t  v a r i a t i o n  f o r  any 9 points  being found f o r  t h e  
9 most forward control  points .  
a change i n  the chordwise locat ion of the cont ro l  points  was inves t i -  
gated; no changes were made i n  the locat ions of the cont ro l  points  i n  
the  spanwise d i rec t ion .  However, an examination of the method of span- 
wise integrat ion shows t h a t  it i s  desirable  t o  exclude cont ro l  po in ts  
from regions near the wing root  o r  wing t i p  t o  insure accuracy i n  the 
spanwise integrat ion.  The data i n  f igure  5 indicate  t h a t ,  f o r  the  method 
of integrat ion used herein,  f o r  a wing of s imi la r  plan form and camber, 
the location of the  cont ro l  points  i s  not a c r i t i c a l  parameter i n  the  
calculat ion of the t o t a l  wing loading or the  span load d i s t r i b u t i o n  f o r  
the  Ivb = 1 case. It appears t h a t  9 control  points  located s imi la r ly  
t o  those i n  any of the  s e t s  used, may be s u f f i c i e n t  s ince any set of 
9 points, o r  a l l  12  points ,  give r e s u l t s  i n  s u b s t a n t i a l  agreement with 
the experimental data .  

(See f i g .  5 . )  Small v a r i a t i o n s  

I n  these calculat ions only the e f f e c t  of 

On the  other  hand, the method of reference 7 may not be appl icable  
t o  a wing plan form of the  shape used herein.  For such a plan form the  
a rea  ahead of the  trail ing-edge apex, which cons t i tu tes  about two-thirds 
of  the t o t a l  wing area, cannot be af fec ted  by the  region of the  t r a i l i n g  
edge, so t h a t  any analysis  based e s s e n t i a l l y  on two-dimensional subsonic- 
a i r f o i l  concepts would hardly be legi t imate .  The method, however, may 
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be appl icable  f o r  a sweptback wing with a very high aspect  r a t i o  where 
a r e l a t i v e l y  smaller por t ion  of the a rea  ahead of the  t ra i l ing-edge apex 
would be a f fec ted .  

By way of i l l u s t r a t i o n ,  spanwise loadings f o r  the  wing alone were 
ca lcu la ted  f o r  & = 1.0 by the  method of reference 7 and have been 
p lo t t ed  against  the wing semispan i n  figure 6 i n  order t o  obtain a com- 
par ison of r e s u l t s  calculated by the two methods of in tegra t ion .  (Com- 
pare f i g s .  5 and 6 . )  
used i n  t h i s  case . )  
po in ts  (obtained f o r  a wing-body combination) f o r  
f igu re  5 .  I n  order t o  obtain greater  accuracy, the  ca lcu la t ions  i n  f i g -  
ure 6 were made f o r  the  328-vortex pa t te rn  with e ight  load l i n e s  described 
i n  reference 10 instead of the  84-vortex pa t t e rn  with fou r  load l i n e s  used 
i n  reference 7. There a r e  seven possible chordwise pos i t ions  f o r  the  
328-vortex pa t t e rn  but,  when only t h r e e  pos i t ions  a r e  used f o r  t he  incom- 
p res s ib l e  flow case, Falkner ( r e f .  10) recomended the  1/4, 1/2, and 
3/4 chordwise loca t ions .  Similar ly ,  when only three  spmwise pos i t ions  
are used, the  0.2, 0.3,  and 0.8 semispan s t a t i o n s  were recomended. 
Table I11 gives the  loca t ion  of t he  cont ro l  po in ts  used f o r  t he  vsr ious 
so lu t ions .  
u la ted  i n  table IV. Figure 6 and tab le  IV show t h a t  t he  l i f t  d i s t r ibu -  
t i ons  obtained by t h i s  method of integrat ion f o r  t h e  
are c r i t i c a l l y  dependent on the  se lec t ion  of con t ro l  po in ts .  For example, 
so lu t ion  8 (cont ro l  po in ts  a t  1/4, 1/2, and 3/4 chordwise loca t ions)  o r  
so lu t ion  9 (cont ro l  po in ts  a t  1/4, 1/2, and 7/8 chordwise loca t ions)  a r e  
both s imi la r  i n  shape t o  the experimental data. However, when a l l  12  of 
these poin ts  are used, solut ion 7, the shape i s  no longer i n  agreement, 
although it might be expected with more points  t h a t  the agreement would 
be superior .  
wise loca t ions ) ,  the  discrepancy between ca lcu la ted  and experimental da t a  
becomes much grea te r ,  although it might have been expected t h a t  g rea t e r  
accuracy would be obtained with the  cont ro l  po in ts  towards the  r e a r  of 
t he  wing. 

(The wing twist  under load shown i n  f i g .  3 was a l s o  
A l s o  shown i n  f igure  6 are the  experimental da t a  

M, = 0.98 shown i n  

The r e s u l t s  of the calculat ions p lo t t ed  i n  f igu re  6 are tab-  

Mo = 1.0 case 

I n  so lu t ion  10 (control  po in ts  a t  1/2, 3/4, and 7/8  chord- 

Figure 7 shows a comparison of d a t a  ca lcu la ted  by the  method of 
reference 7 and the  present  method at a high subsonic speed, M, = 0.98, 
f o r  an angle of a t t a c k  of 4.0°. 
a r e  a l s o  shown i n  the  figure. The data calculated by the  method of ref- 
erence 7 are f o r  t he  wing-body combination of t he  experimental da ta  
taken from reference 9,  but  the  da ta  f o r  the  inethod used herein are f o r  
the wLng alone. I n  the  l a t t e r  case it was necessary t o  perform the  
chordwise in tegra t ion  by numerical procedures. The same wing t w i s t  under 
load (see f i g .  3 )  and t h e  same control-point loca t ions  were used f o r  both 
s e t s  of ca lcu la t ions .  The calculat ions were m d e  f o r  two sets of con t ro l  

The experimental data f o r  & = 0.98 
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po in t s  by the  method i n  t h i s  
there  was a small difference 

repor t  and, as was found a t  M, = 1.0, 
i n  the  t o t a l  l i f t  and i n  t h e  d i s t r i b u t i o n  c 

of l i f t  f o r  a change i n  control-point loca t ion  ( f i g .  7 ) .  

CONCUTDING REMARKS 

A de t a i l ed  method f o r  ca lcu la t ing  t h e  aerodynamic loading on a t h i n  
wing at a Mach number of 1.0 is  presented. 
load d i s t r ibu t ions  with experimental r e s u l t s  indicated t h a t ,  f o r  t h e  wing 
t e s t e d ,  t h e  magnitude and d i s t r i b u t i o n  of t h e  ca lcu la ted  spanwise loading 
a re  i n  good agreement with experiment a t  a Mach number of 1.0. 

A comparison of t h e  ca lcu la ted  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley F ie ld ,  V a . ,  May 27, 1939. 
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7 = 0.12 

TABL& I1 

CALCULATED LIFT COEFFIClENTS FOR = 1.0 AND u = 4.0' 

7 = 0.25 7 = 0.40 = 0.60 7 = 0.80 7 = 0 . 9  7 = 0.95 

L 
3 
4 
4 

0.512 o -511 0.502 0.463 I 0 3 4 0  0.240 0 -170 

Solution 2; control po in t s  1, 2, 3,. 4, 5, 6, 7, 8, 9; aa dCL = 1.067 

0 -555 0 -538 0.500 0.430 o .318 0 a235 0.172 

0.532 

Solution 4; control  points  1, 2, 3, 7, 8, 9, 10, 11, 12; - dCL = 0.1078 
du I 

0 * 530 0.518 0 -465 0 3 4 1  0.235 0.165 

0 e517 

Solution 51 control points 4, 5, 6, 7, 8, 9, 10, 11, 12; - dCL = 0.1073 
du 

0.170 0.516 0 -505 0.461 0 -347 0.246 

0 -530 0.526 0 -509 0.452 0 -334 0.240 o .162 

0 -555 0.170 0 -532 0.495 0.420 0 -315 0.232 
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0.400 

L 
3 
4 
4 

0.452 0 -515 0 . g o  0.460 0 *357 

LIFT C O E F F I C l E N T S  CALCULAmD BY METHOD OF REFERENCE 1 

FOR M, = 1.0 AND u = 4.0' 

1 

0.575 0.556 0.501 0.382 0.271 0.192 

Solution 7; 12 control points (see table 111); - d C L  = 0.118 
du 

0.538 0.518 0.455 0 341 0.243 0.172 

Solution 8; control points 1, 2, 3,  4, 5, 6, 7 ,  8, 9; - dCL = 0.1190 
du 

-0 .Og5 0.142 0.516 0 -715 0.644 0.501 

Solution 9; control points 1, 2, 3, 4, 5, 6, 10, 11, 12; da d C L  = 0.1103 

0.534 o .465 0.360 0.258 0 -197 0.149 

Solution 11; control points 4, 5, 6, 7, 8, 9; - dCL = 0.0996 
du 
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Figure 1. - Wing-panel diagram :tnd coord inhte  system. 
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